Gauge Theories on de Sitter Spacetime by Rather, Asloob Ahmad et al.
ar
X
iv
:1
40
8.
43
29
v1
  [
ph
ys
ics
.ge
n-
ph
]  
19
 A
ug
 20
14
Gauge Theories on de Sitter Spacetime
Asloob Ahmad Rather1, Ashaq Hussain Sofi2
Shabir Ahmad Akhoon2, Anil Maini3
1Department of Physics, Aligarh Muslim University
U.P-202002, India
2Department of Physics, National Institute of Technology
Srinagar, Kashmir-190006, India
3Department of Applied Sciences,
College of Engineering and Technology
BGSB University, Rajouri-185131, India
October 15, 2018
Abstract
In this paper we will analyse the inner product for gauge theories in
de Sitter spacetime. This will be done by analysing an Euclidean version
of the de Sitter metric. Thus, the de Sitter metric will be related to
the metric on a four-sphere. Then scalar spherical harmonics and vector
spherical harmonics on a four-sphere will be analysed. An inner product
for the gauge fields will be constructed using these modes. Finally, a two
point function will be constructed, for gauge fields on de Sitter spacetime.
It is known that all the fundamental forces in nature are described by gauge
fields. Gauge fields are fields that are invariant under a gauge group. The
electromagnetism is actually gauge theory generated by an abelian gauge group
called U(1). The weak force is generated by a non-abelian gauge group called
SU(2). Finally, the strong force is generated by a non-abelian gauge group called
SU(3). This all the three forces in nature can be described by gauge groups.
In fact, we can argued that even we can regard gravity as a gauge theory of
diffeomorphism. So, all the forces of nature can be regarded as gauge theories
[1]-[20]. However, as all the degrees of freedom of a gauge theories are not
physical, it cannot be quantized directly. If we try to quantize a gauge theory,
without fixing a gauge, it will lead to divergences in the generating functional
of the Feynman graphs. Thus, we need to fix a gauge in order to quantize such
a gauge theory. This can be done by adding a gauge fixing term to the original
action. Furthermore, in order to keep the theory unitary, we also need to add
a ghost term to the original action. Thus, after adding a gauge fixing term and
a ghost term a gauge theory can be quantized [21]-[30]. It may be noted that
gravity is not renormalizable. However, it can be argued that gravity can still
be quantized in the framework of effective field theories. This is because there
is no fundamental difference between renormalizable and non-renormalizable
theories, in effective field theories, except the way the theory depends on lower
energy scale. Now for a non-renormalizable theories, we will keep obtaining new
1
constants at at every energy scale. However, once these constants have been
fixed, at a particular energy scale by experiments, we can calculate any other
perturbative diagram at that energy scale. So, even though for perturbative
quantum gravity, we will get new constants at every energy scale, we can in
principle fix them, by experiments at a energy scale. Then we can calculate any
phenomena at that energy scale, using perturbative quantum gravity. It may
be noted that in the inflationary era, universe can be approximated by de Sitter
spacetime. Furthermore, it is expected that our universe may be asymptotically
approaching de Sitter spacetime,. So, we need to analyse the quantum field
theory on de Sitter spacetime. In fact, quantum field theory on curved spacetime
is interesting in its own right. [32]-[87]. This is because both the Hawking
radiation is derived by using quantum field theory in curved spacetime. In this
paper, we will study the inner product used in quantum field theories for de
Sitter spacetime. The de Sitter spacetime is a spacetime of constant positive
curvature. The positive curvature is generated by a cosmological constant, which
sets the rate of expansion. The rate of expansion is measured by the Hubble’s
constant H . So, we can relate the Hubble’s constant H , with the cosmological
constant λ as
λ = 3H2. (1)
Furthermore, this Hubble’s constant is given by the inverse of the radius of de
Sitter spacetime r,
r =
1
H
. (2)
The de Sitter spacetimes is a spacetime of constant curvature. In this spacetime,
the curvature tensor can be expressed as,
Rabcd =
1
12
R[gacgbd − gadgbc]. (3)
We can also write the following equation for de Sitter spacetime,
Rbd = g
acRabcd (4)
=
1
12
Rgac[gacgbd − gadgbc]
=
1
4
Rgdb. (5)
Using these equations, we can express the Einstein tensor Gab in de Sitter
spacetime as
Gab = Rab − 1
2
Rgab
=
1
4
gabR− 1
2
Rgab
= −1
4
gabR. (6)
This equation can be viewed as a solution to the Einstein equations, in empty
space with a cosmological constant λ ,
λ =
1
4
R. (7)
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Now we can also write these equations using the Hubble’s constant,
Rabcd = H
2[gacgbd − gadgbc],
Rab = 3H
2gab,
R = gabRab = 12H
2,
Gab = −3H2gab
(8)
We can write the de Sitter metric as
ds2 = −dt2 + r2 cosh2 r−1t[dχ2 + sin2 χ(d2θ + sin2 θdφ)]. (9)
It may be noted that singularities at χ = 0, π and θ = 0, π occur usually in polar
coordinates. Apart from these singularities, it cover all of de Sitter spacetime.
We can also write this metric as
ds2 = r2[−dt2 + cosh2 tdΩ]. (10)
where the metric on a three-sphere is denoted by dΩ. If we define Φ as
Φ =
π
2
− it. (11)
Then this becomes the metric on the four-sphere,
ds24 = r
2[dΦ2 + sinΦ2dΩ]. (12)
Now we can define vector spherical harmonics on S4 as,
−∇2nAa = [L(L+ 3)− 1]Aa,
∇aAa = 0. (13)
There are two kinds of solutions to these equations, which are denoted by An
where n = 0, 1. They can be written as
A1χ = 0, (14)
A1i = n1PL+1Yi, (15)
A0χ = n2(sinχ)
−2PL+1Y, (16)
A0i = n2
1
ℓ(ℓ+ 2)
D1PL+1∇iY. (17)
Here the normalization constants n1 and n2 are given by,∫
d4x
√
ggabALaA
∗L′
b = δ
LL′ . (18)
Here the scalar harmonics are denoted by Y , which is a short hand notation for
YLlpm. The associated Legendre function P
−l
L (x) can be written as
P−lL (x) =
1
Γ(1 + l)
(
1− x
1 + x
) l
2
F (−L,L+ 1, l+ 1, 1− x
2
). (19)
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Here Γ(1+ l) is the Gamma function, F (L,L+1, l+1, (1−x)/2) is the hyperge-
ometric function. The hypergeometric function F (a, b, c, x) in general is given
by
F (a, b, c, x) = 1 +
ab
c
x+
a(a+ 1)b(b+ 1)
2!c(c+ 1)
x2 + · · · . (20)
We also have (
(1− x2) d
dx
+ Lx
)
P−lL (x) = (L− l)P−lL−1(x), (21)
and (
(1 − x2) d
dx
− (L+ 1)x
)
P−lL (x) = −(L+ l + 1)P−lL+1(x). (22)
We can also define
Dm =
d
dχ
+m cotχ. (23)
So, we can write
[
d
dχ
+m cotχ
]
(sinχ)nf(χ) =
sinn χ
[
d
dχ
+ (m+ n) cotχ
]
f(χ), (24)
and
Dm sin
n χf(χ) = sinn χDm+nf(χ). (25)
Finally, we have
− sinχDn =
[
(1− cosχ2) d
d cosχ
− n cosχ
]
. (26)
Thus, we get
− sinχD−LP−lL (cosχ) = (L− l)P−lL−1(cosχ), (27)
− sinχDL+1P−lL (cosχ) = −(L+ l + 1)P−lL+1(cosχ). (28)
The scalar spherical harmonics in one dimensions, can define as
−∇21Ym = m2Ym, (29)
such that
Ym =
1√
2π
exp(imφ). (30)
It can also be defined in two dimensions as
−∇21Ypm = m2Ypm,
−∇22Ypm = p(p+ 1)Ypm, (31)
such that
Ypm = c2P
−m
p Ym. (32)
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Furthermore, in three dimensions, we have
−∇21Ylpm = m2Ylpm,
−∇22Ylpm = p(p+ 1)Ylpm,
−∇23Ylpm = l(l + 2)Ylpm, (33)
such that
Ylpm = c3(sinχ)
1/2P
−p−1/2
l+1/2 Ypm. (34)
So, in four dimensions, we have
−∇21YLlpm = m2YLlpm,
−∇22YLlpm = p(p+ 1)YLlpm,
−∇23YLlpm = l(l+ 2)YLlpm,
−∇24YLlpm = L(L+ 3)YLlpm. (35)
such that
YLlpm = c4 sinχP
−l−1
L+1 Ylpm. (36)
Here c4 is a normalization constant, which is given by∫
d4x
√
gYLlpmY
∗
L′l′p′m′ = δLL′δll′δpp′δmm′ . (37)
This gives us
c4 =
[
(2L+ 3)(L+ l + 2)!
2(L+ l)!
] 1
2
. (38)
Now let us take a gauge field, AAµTA = Aµ. Here the TA are generators of
a Lie algebra [TA, TB] = if
C
ABTC . Now we will write the Lagrangian for this
theory as,
L = −√−g[L1 + α
2
L2], (39)
where L1 is the original Lagrangian for the gauge field. It is given by
L1 = −1
4
Tr[FµνFµν ], (40)
where Fµν = F
A
µνTA, and
FAµν = ∇µAAν −∇νAAµ + gfABCABµACν . (41)
The sum of the gauge fixing term and the ghost term can be written as L2.
Furthermore, we can write the action S as
S =
∫
d4x
√−gL. (42)
The equations of motion can be derived from this action.
Now we define, πµν as the momentum current for this gauge field,
πµν =
1√−g
∂L
∂∇νAµ . (43)
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Now the two solutions to the field equations are written as Aµ1 and Aµ2. We
can define a current using these two solutions Jc(A1,A2) as,
Jν = i[A∗µ1π
µν
2 −Aν2π∗µν1 ]. (44)
This current is conserved
∇cJc = 0. (45)
Now an inner product on a space-like hyper-surface Σν can defined as
(Aµ1 , Aµ2) =
∫
dΣνJ
ν
(Aµ
1
,Aν2)
. (46)
The inner product can be simplified as follows,
(Aµ1 , Aµ2) =
∫
d3x
√−gJ0. (47)
This inner product will be conserved. Using a complete set of solutions to the
classical equations, Aµn and A
∗
µn , we can write
Aµ =
∑
n
[anAµn + a
∗
nA
∗
µn]. (48)
Furthermore, we can also write,
πµν =
∑
n
[anπ
µν
n + a
∗
nπ
∗µν
n ]. (49)
Now we suppose that the following holds,
(Aµn, A
∗
µm) = 0 (50)
and
(Aµn, Aµm) = Mnm. (51)
Now as Aµ is promoted to an operator, its modes also become operators. Thus,
an become creation operators a
†
n and annihilation operators, respectively. Now
we can write,
Aˆµ =
∑
n
[anAµn + a
†
nA
∗
µn]. (52)
So the two-point function can be written as
GII′(x, x
′) = 〈0|AI(x)AI′ (x′)|0〉
=
∑
mn
AIn(x)AI′m(x
′)〈0|[an, a†m]|0〉. (53)
Now we define Cnm as
Cnm = 〈0|[an, a†m]|0〉. (54)
So, we can write,
[(An, Aˆ)(Aˆ, Am)] = Mnm. (55)
We can also write,
Mnm = M
∗
mn. (56)
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This can be written in Matrix notation as
MCM = M. (57)
Thus, we get
C =M−1. (58)
So, finally we can write,
G(x, x′)µν′ =
∑
nm
AµnAν′mM
−1
nm. (59)
In this paper, we analysed the inner product for gauge theories on de Sitter
spacetime. This was done by first analysing spherical harmonics on S4 and then
mode expanding the solutions of the gauge field in terms of these modes. Thus,
we obtained an explicit form for the two-point function. This two-point function
can be used to do perturbative calculations.
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